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In the presence of spin-orbit coupling, quantum models for semiconductor materials are generally
not exactly solvable. As a result, understanding of the strong spin-orbit coupling effects in these
systems remains poor. Here we develop an analytical method to solve the one-dimensional hard-wall
quantum dot problem in the presence of strong spin-orbit coupling and magnetic field, which allows
us to obtain exact eigenenergies and eigenstates of a single electron. With the help of the exact
solution, we demonstrate some unique effects from the strong spin-orbit coupling in a semiconductor
quantum dot, in particular the anisotropy of the electron g-factor and its tunability.
Introduction.—Semiconductor materials with strong
spin-orbit coupling (SOC) have attracted increasing at-
tention because of their importance in both fundamen-
tal science and potential practical applications. No-
table examples include topological insulator phase [1]
in strongly spin-orbit coupled HgTe/CdTe quantum
wells [2], and Majorana-fermion edge states in a semi-
conductor nanowire [3–5] in proximity to a conventional
s-wave superconductor. Strong SOC has also been used
to electrically manipulate spin qubits confined in semi-
conductor quantum dots (QDs) [6–10]. Furthermore,
the Rashba SOC [11] is tunable by an external electric
field [12], which provides a versatile platform for explor-
ing physical effects in the strong SOC regime. In previous
studies, however, SOC is usually treated perturbatively,
which is clearly not ideal if it is strong. An exactly solv-
able theoretical model would no doubt help clarify the
physical picture of the strong SOC limit [13–17].
The solution of a quantum model is determined by
the corresponding Scho¨dinger equation with appropriate
boundary conditions. Recently, an exact solution to the
quantum Rabi model (a two-level system coupled to a
harmonic oscillator) was obtained from a boundary con-
dition based on the Z2 symmetry of the model [18, 19].
Moreover, one can map the quantum Rabi model into
the problem of one electron confined in a one-dimensional
(1D) harmonic QD with SOC and magnetic field. Con-
sidering that the harmonic and hard-wall confinement
potentials are two of the best known exactly solvable
problems for a particle without SOC, it is natural to ask
whether an exact solution for the hard-wall potential in
the presence of SOC can be found, even though they ap-
pear to be quite different: one potential has boundaries
at definitive positions, while the other does not.
In this Letter, we show that the problem of one elec-
tron confined in a 1D hard-wall QD with strong spin-
orbit interaction in a magnetic field is exactly solvable.
We expand the Hilbert space with the eigenvectors of a
harmonic oscillator, and derive a recursion relation for
the expansion coefficients of the electron wave function.
By imposing the hard-wall boundary condition, we de-
rive a set of transcendental equations to obtain eigenen-
ergies of the electron. We then use this solution to study
strong SOC effects in a semiconductor QD. In particular,
we show that the strong SOC modulates the electron g-
factor in a semiconductor QD, giving rise to a periodic
response to the magnetic-field direction. Furthermore,
the g-factor can be tuned by adjusting either the direc-
tion of the magnetic field or the size of the QD.
Nanowire QD with a Zeeman field perpendicular to the
spin-orbit field.—Consider a conduction electron that is
confined in a thin semiconductor nanowire QD, and sub-
ject to both an internal SOC field and an external mag-
netic field. We first study the case where the magnetic
field is perpendicular to the spin-orbit field and parallel
to the quantum wire. The model Hamiltonian for this
case is [20]
H =
p2
2me
+ ασzp+
∆
2
σx + V (x), (1)
where p = −i~∂x is the canonical momentum, me is
the effective electron mass, α is the Rashba SOC coef-
ficient [11], ∆ = geµBB is the Zeeman splitting, with
ge and µB being the effective electron g-factor and the
Bohr magneton, respectively. For the QD confinement
potential V (x), we consider a 1D square-well potential
of infinite barrier height, i.e., V (x) = 0 for |x| < L and
V (x) = ∞ for |x| > L, where L is the size of the QD.
The nominal material for the QD is InSb, and the Hamil-
tonian parameters are explicitly listed in Table I.
Hamiltonian (1) exhibits a Z2 symmetry, for which the
combined operator σxP is a conserved quantity, where
P is the parity operator: [σxP , H ] = 0. Thus σxP
and the Hamiltonian H have common eigenfunctions
Ψ = [Ψ1(x),Ψ2(x)]
T, where Ψ1(x) and Ψ2(x) are the
two spin components of a given common eigenfunction.
2TABLE I. Parameters of an InSb QD
me/m
a xso
b (nm) ge B (Tesla) L (nm)
0.0136 50-200 -50.6 0.3 50
a m is the electron mass
b xso = ~/(meα)
The eigenvalue equation of the operator σxP leads to
Ψ1(x) = ±Ψ2(−x), (2)
where ± is from σxP = ±1. In the meantime, the
Schro¨dinger equation HΨ = EΨ can be expressed in
terms of Ψ1 and Ψ2 as[
p2
2me
+ α p− E
]
Ψ1(x) +
∆
2
Ψ2(x) = 0. (3)
In fact, the Schro¨dinger equation HΨ = EΨ in the
[Ψ1(x),Ψ2(x)]
T space corresponds to two equations.
However, only one [e.g., Eq. (3)] is independent, while
the other can be derived by combining Eqs. (2) and (3).
The solution of the original single-electron problem can
now be obtained by solving Eqs. (2) and (3). We first
choose a complete set of basis states, with which the two
components Ψ1(x) and Ψ2(x) can be expanded. For the
QD model considered here, we find that it is essential
to choose the eigenfunctions of the harmonic oscillator,(
p2
2me
+ 1
2
meω
2
0x
2
)
φn(x) = (n+
1
2
)~ω0φn(x), as the basis
states. These states can be expressed as [21]
φn(x) = 1/
(
pi x20
)Hn(x/x0)exp [−x2/(2x20)] , (4)
where Hn(x/x0) are the normalized Hermite polynomi-
als, and x0 =
√
~/(meω0) is the characteristic length of
the harmonic oscillator. With this basis, the matrix ele-
ment of the spin-orbit interaction is non-vanishing only
when ∆n = ±1, so that the total Hamiltonian is a sparse
matrix, and the iterative equations for the expansion co-
efficients have an automatic cut-off. Note that x0 (or ω0)
is not a model parameter of Hamiltonian (1), so that the
energy spectrum of the QD model should not depend on
x0 (or ω0), c.f. Fig. 1.
Without loss of generality, we can expand Ψ1(x) as
Ψ1(x) =
∞∑
n=0
indnφn(x), (5)
where dn are the expansion coefficients to be determined,
and the introduction of imaginary unit i is to ensure that
dn is real. According to Eq. (2), we can write Ψ2(x) as
Ψ2(x) =
∞∑
n=0
±(−i)ndnφn(x), (6)
where we have used the parity property of the eigen-
function of the harmonic oscillator, i.e., φn(−x) =
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FIG. 1. Energy spectrum of the QD obtained by solving
Eq. (8). (a) The ground-state energy of the QD calculated
using harmonic-oscillator expansion basis states with differ-
ent characteristic lengths: x0 = 25, 50, and 75 nm. Inset: the
hard-wall confining potential of the considered QD. (b) The
lowest four energy levels of the QD.
(−1)nφn(x). Substituting Ψ1(x) and Ψ2(x) in Eq. (3)
with the expansions given in Eqs. (5) and (6), we obtain
the following recursion relation for the expansion coeffi-
cients [22]:√
(n− 1)ndn−2 + η
√
8ndn−1 +
[
2n+ 1− 4ε± (−1)n2ξ]
× dn + η
√
8(n+ 1)dn+1 = −
√
(n+ 1)(n+ 2)dn+2, (7)
where ε = E/(~ω0), ξ = ∆/(~ω0), and η = x0/xso, with
xso = ~/(meα) being the spin-orbit length. We now let
d0 = 1 and introduce a new real variable χ = d1/d0. Now
all the expansion coefficients can be determined as dn ≡
dn(ε, χ), and both Ψ1,2(x) are obtained in terms of these
coefficients. The energy spectrum of the Hamiltonian (1)
can then be straightforwardly determined by imposing
the hard-wall boundary condition: Ψ1,2(±L) = 0. In
terms of the coefficients dn, the boundary condition can
be expressed as [22]
d0H0 − d2H2 + d4H4 − d6H6 · · · = 0,
d1H1 − d3H3 + d5H5 − d7H7 · · · = 0, (8)
where Hn ≡ Hn(L/x0). With two equations for only two
variables ε and χ, the energy spectrum can be exactly
solved from Eq. (8). In addition, using the property of
the Hermite polynomial [21], we can obtain the recursion
relation for Hn,
√
n+ 1Hn+1 =
√
2(L/x0)Hn −
√
nHn−1. (9)
Equations (7)-(9) are our central results. The energy
spectrum of the considered Hamiltonian is determined by
solving two transcendental equations instead of solving a
matrix eigenvalue problem. As mentioned above, a key to
our solution is that with the harmonic-oscillator basis, we
are able to obtain the exact recursion relation in Eq. (7).
Figure 1 shows the energy spectrum of the problem
as a function of the spin-orbit length xso, with panel
3(a) showing the ground energy while panel (b) showing
the lowest four eigenenergies. Recall that by choosing a
complete set of harmonic-oscillator basis states, we have
artificially introduced an additional parameter, the char-
acteristic length (frequency) of the harmonic oscillator
x0 (ω0) [see Eq. (4)]. Since x0 (ω0) is not a model pa-
rameter of Hamiltonian (1), the energy spectrum of the
system should be independent of this parameter. Indeed,
our results in Fig. 1(a) verify this interesting point, that
choosing different x0 leads to the same eigenvalues for
the considered Hamiltonian.
Nanowire QD with a general magnetic field.—We now
turn to the general case where the magnetic-field direc-
tion is arbitrary in the x-z plane. The model Hamiltonian
takes the form
H =
p2
2me
+ασzp+
∆
2
(σx cos θ + σz sin θ)+V (x), (10)
where θ is the azimuthal angle of the in-plane magnetic
field. In contrast to Hamiltonian (1) for the special case
of a perpendicular field, the Hamiltonian here no longer
exhibits the Z2 symmetry. However, as we show below,
this model is still exactly solvable.
The two components Ψ1(x) and Ψ2(x) of the wave
function Ψ satisfy the Schro¨dinger equations
(
p2
2me
+ α p+
∆
2
sin θ − E
)
Ψ1 +
∆
2
Ψ2 cos θ = 0,
(
p2
2me
− α p− ∆
2
sin θ − E
)
Ψ2 +
∆
2
Ψ1 cos θ = 0. (11)
We again choose the eigenfunctions of a 1D harmonic
oscillator as the basis states. In the absence of Z2 sym-
metry, we have to introduce two independent series of
expansion coefficients for Ψ1(x) and Ψ2(x),
Ψ1(x) =
∞∑
n=0
inenφn(x), Ψ2(x) =
∞∑
n=0
infnφn(x), (12)
where en and fn are the coefficients to be determined.
Substituting the two components Ψi (i = 1, 2) in
Eq. (11), we obtain two sets of recursion relations
√
n(n− 1)en−2 +
√
8nη en−1 + (Ξn,ε + 2ξ sin θ)en + (−1)n2ξ cos θ fn +
√
8(n+ 1)η en+1 = −
√
(n+ 1)(n+ 2)en+2,√
n(n− 1)fn−2 +
√
8nη fn−1 + (Ξn,ε + 2ξ sin θ)fn + (−1)n2ξ cos θ en +
√
8(n+ 1)η fn+1 = −
√
(n+ 1)(n+ 2)fn+2,
(13)
where Ξn,ε = 2n+1−4ε. While these recursion relations
are much more complex than the one for the special case
of Hamiltonian (1) with Z2 symmetry, we can follow the
same procedure to solve them. Specifically, we let e0 = 1,
and introduce three new real variables, e1/e0 = χ1,
f0/e0 = χ2, and f1/e0 = χ3. Now all the expansion
coefficients can be determined as functions of these three
parameters together with the rescaled energy ε = E/~ω0:
en ≡ en(ε, χ1, χ2, χ3) and fn ≡ fn(ε, χ1, χ2, χ3). Com-
pared to the simpler Hamiltonian (1) with Z2 symmetry,
we now need to introduce three new real variables χ1, χ2,
and χ3, instead of one new real variable χ.
The energy spectrum of the system can again be deter-
mined by the hard-wall boundary condition Ψ1,2(±L) =
0, which gives rise to
e0H0 − e2H2 + e4H4 − e6H6 · · · = 0,
e1H1 − e3H3 + e5H5 − e7H7 · · · = 0,
f0H0 − f2H2 + f4H4 − f6H6 · · · = 0,
f1H1 − f3H3 + f5H5 − f7H7 · · · = 0. (14)
These four equations are exact, and we have only four
unknowns, ε, χ1, χ2, and χ3. Thus the four variables
can be exactly determined, and the energy spectrum of
the system obtained.
The general solutions derived here converge to the spe-
cial case solution when we take θ = 0. Specifically, the
two sets of recursion relations (13) are reduced to just
one, in the form of recursion relation (7), and the bound-
ary condition (14) is reduced to Eq. (8). Clearly, while
Z2 symmetry simplifies the calculations, it is not an es-
sential ingredient in our solution here. Instead, it is the
choice of the harmonic oscillator eigenstates as expansion
basis that is crucial to our exact solutions of the model
Hamiltonians (1) and (10). This is different from the
quantum Rabi model, where the Z2 symmetry plays an
essential role to exactly solve the model [18, 19].
With the exact solution to the general Hamiltonian we
can study a QD with strong SOC. One of the key proper-
ties of a confined electron is its g-factor, which is strongly
affected by SOC strength, and possibly by the QD con-
finement. With our nominal example of InSb, its bulk
g-factor is isotropic and takes the value ge = −50.6. Fig-
ure 2 shows our calculated g-factor, which can be defined
as geff = (E2 − E1)/(µBB) of a single confined electron
with Hamiltonian (10). This relationship should be valid
as long as Zeeman splitting is much smaller than the
orbital excitation energy. Figure 2(a) shows the effec-
tive g-factor as a function of the direction of the applied
magnetic field, with a clear anisotropy as the field ro-
tates [23–25]. It is a periodic function of θ with a period
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FIG. 2. Effective electron g-factor of the QD Hamiltonian
(10). Here the applied magnetic field is 0.3 T and the spin-
orbit length is chosen as xso = 50 nm. (a) The g-factor as
a function of the applied magnetic-field direction. (b) The
g-factor as a function of the QD size L.
of pi. In particular, for θ = pi/2 or 3pi/2, the operator σz
is conserved by Hamiltonian (10), so that the SOC effect
is straightforward to obtain, and the electron g-factor
is equal to the bulk value ge = −50.6. For θ = 0 or pi,
the magnetic field is perpendicular to the spin-orbit field,
so that σz is no long conserved, resulting in the largest
modulation to the electron g-factor, with geff ≈ −38.6.
Figure 2(b) shows the g-factor dependence on the QD
size L. The SOC strength in the QD is characterized by
the ratio L/xso. When L increases, reducing the orbital
energy splittings, the spin-orbit induced level mixing be-
comes stronger, which is equivalent to an increase in the
relative SOC strength. Consequently, increasing L (but
still within the range when the orbital excitation energy
is larger than the Zeeman splitting) enhances the mod-
ulation to the electron g-factor. In short, Fig. 2 shows
that we can manipulate the electron g-factor by varying
the applied magnetic-field direction and the nanowire QD
size.
Summary.—In this study we have obtained the exact
energy spectrum of a 1D hard-wall QD in the presence of
both a strong SOC and an applied magnetic field. The
key ingredient of our solution is the selection of the bare
harmonic-oscillator eigenfunctions as the basis states for
the single-electron Hilbert space, which allows us to ex-
press the system Hamiltonian as a sparse matrix and ob-
tain a recursive relation for the wave function that can
be solved. With the help of this solution, we are able to
study strong SOC effects in in a 1D semiconductor QD
beyond the perturbation limit. In particular, we demon-
strate a strong anisotropy in the electron g-factor, and
the tuning of the electron g-factor via external param-
eters, i.e., the QD size and the applied magnetic-field
direction.
R.L. and J.Q.Y. are supported by National Natural
Science Foundation of China Grant Nos. 91421102 and
11404020, National Basic Research Program of China
Grant No. 2014CB921401, NSAF Grant No. U1330201,
and Postdoctoral Science Foundation of China Grant
No. 2014M560039. L.W. acknowledges grant support
from the Basque Government (Grant No. IT472-10) and
the Spanish MICINN (Grant No. FIS2012-36673-C03-
03). X.H. acknowledges financial support by US ARO
(W911NF0910393) and NSF PIF (PHY-1104672).
∗ rl.rueili@gmail.com
† jqyou@csrc.ac.cn
[1] M. Z. Hasan and C. L. Kane, Topological insulators,
Rev. Mod. Phys. 82, 3045 (2010).
[2] M. Konig, S. Wiedmann, C. Brune, A. Roth, H. Buh-
mann, L. W. Molenkamp, X.-L. Qi, S.-C. Zhang, Quan-
tum spin hall insulator state in HgTe quantum wells,
Science 318, 766 (2007).
[3] L. Fu and C. L. Kane, Superconducting proximity effect
and majorana fermions at the surface of a topological
insulator, Phys. Rev. Lett. 100, 096407 (2008).
[4] R. M. Lutchyn, J. D. Sau, and S. Das Sarma,
Majorana fermions and a topological phase transi-
tion in semiconductor-superconductor heterostructures,
Phys. Rev. Lett. 105, 077001 (2010).
[5] Y. Oreg, G. Refael, and F. von Oppen, Helical Liq-
uids and Majorana Bound States in Quantum Wires,
Phys. Rev. Lett. 105, 177002 (2010).
[6] K. C. Nowack, F. H. L. Koppens, Yu.V. Nazarov, and L.
M. K. Vandersypen, Coherent control of a single electron
spin with electric fields, Science 318, 1430 (2007).
[7] S. Nadj-Perge, S. M. Frolov, E. P. A. M. Bakkers, and
L. P. Kouwenhoven, Spin-orbit qubit in a semiconductor
nanowire, Nature (London) 468, 1084 (2010).
[8] E. I. Rashba and Al. L. Efros, Orbital mechanisms
of electron-spin manipulation by an electric field,
Phys. Rev. Lett. 91, 126405 (2003).
[9] V. N. Golovach, M. Borhani, and D. Loss, Electric-
dipole-induced spin resonance in quantum dots,
Phys. Rev. B 74, 165319 (2006).
[10] R. Li, J. Q. You, C. P. Sun, and F. Nori, Controlling
a nanowire spin-orbit qubit via electric-dipole spin reso-
nance, Phys. Rev. Lett. 111, 086805 (2013).
[11] Yu. A. Bychkov and E. I. Rashba, Oscillatory effects and
the magnetic susceptibility of carriers in inversion layers,
J. Phys. C 17, 6039 (1984).
[12] J. Nitta, T. Akazaki, and H. Takayanagi, Gate
control of spin-orbit interaction in an inverted
5In0.53Ga0.47As/In0.52Al0.48As heterostructure,
Phys. Rev. Lett. 78, 1335 (1997).
[13] C. Echeverria-Arrondo and E. Ya. Sherman, Position
and spin control by dynamical ultrastrong spin-orbit cou-
pling, Phys. Rev. B 88, 155328 (2013).
[14] A. Naseri, A. Zazunov, and R. Egger, Orbital ferromag-
netism in interacting few-electron dots with strong spin-
orbit coupling, Phys. Rev. X 4, 031033 (2014).
[15] E. N. Bulgakov and A. F. Sadreev, Spin polarization in
quantum dots by radiation field with circular polariza-
tion, JETP Lett. 73, 505 (2001).
[16] E. Tsitsishvili, G. S. Lozano, and A. O. Gogolin,
Rashba coupling in quantum dots: An exact solution,
Phys. Rev. B 70, 115316 (2004).
[17] E. I. Rashba, Quantum nanostructures in strongly
spin-orbit coupled two-dimensional systems,
Phys. Rev. B 86, 125319 (2012).
[18] D. Braak, Integrability of the Rabi model,
Phys. Rev. Lett. 107, 100401 (2011).
[19] Q.-T. Xie, S. Cui, J.-P. Cao, L. Amico, and H. Fan,
Anisotropic Rabi model, Phys. Rev. X 4, 021046 (2014).
[20] F. M. Gambetta, N. T. Ziani, S. Barbarino, F.
Cavaliere, and M. Sassetti, Anomalous Friedel
oscillations in a quasihelical quantum dot,
Phys. Rev. B 91, 235421 (2015).
[21] D. Griffiths, Introduction to Quantum Mechanics (Pear-
son Prentice Hall, Upper Saddle River, NJ, 2005), 2nd
ed.
[22] See Supplemental Material.
[23] H. A. Nilsson, P. Caroff, C. Thelander, M. Larsson, J.
B. Wagner, L.-E. Wernersson, L. Samuelson, and H. Q.
Xu, Giant, level-dependent g factors in InSb nanowire
quantum dots, Nano Lett. 9, 3151 (2009).
[24] M. D. Schroer, K. D. Petersson, M. Jung, and J. R. Petta,
Field tuning the g Factor in InAs nanowire double quan-
tum dots, Phys. Rev. Lett. 107, 176811 (2011).
[25] S. Nadj-Perge, V. S. Pribiag, J. W. G. van den Berg,
K. Zuo, S. R. Plissard, E. P. A. M. Bakkers, S. M.
Frolov, and L. P. Kouwenhoven, Spectroscopy of spin-
orbit quantum bits in indium antimonide nanowires,
Phys. Rev. Lett. 108, 166801 (2012).
